We present a method to construct non-singular cubic surfaces over É with a Galois invariant pair of Steiner trihedra. We start with cubic surfaces in a form generalizing that of A. Cayley and G. Salmon. For these, we develop an explicit version of Galois descent.
Galois invariant set leads to a cubic surface with a Galois invariant sixer. It is clear that examples for all the 56 corresponding conjugacy classes of subgroups may be constructed in this way. There are a few more trivial cases, e.g. diagonal surfaces, but all in all not more than 70 of the 350 conjugacy classes of subgroups may be realized by such elementary methods.
In [EJ3] , we presented a method to construct cubic surfaces over É with a Galois invariant double-six. A simple calculation in GAP shows that there are 102 conjugacy classes of subgroups of W (E 6 ) fixing a double-six but no sixer. For each of them, explicit examples of cubic surfaces are given in the list [EJ3a] . The most interesting ones were reproduced in [EJ3] .
1.3. ----In this article, we present a method to construct cubic surfaces over É with a Galois invariant pair of Steiner trihedra. Our method is based on cubic surfaces in a form slightly generalizing that of A. Cayley and G. Salmon. For these, we develop an explicit version of Galois descent.
There are 63 conjugacy classes of subgroups of W (E 6 ) which fix a pair of Steiner trihedra but no double-six. We constructed explicit examples of cubic surfaces for each of them. Some of the most interesting ones will be presented in the final section.
Steiner trihedra
This section will mainly recall definitions and facts which are necessary for the sequel. Most of them were known to the geometers of the 19th century [St, Do] .
2.1. ----Let S be a smooth cubic surface over an algebraically closed field. It is well-known that S contains a total of 27 lines. There are exactly 45 planes cutting three lines out of S. These are called the tritangent planes.
Two planes in P 3 which are different from each other always meet in a single line. Given two tritangent planes, there are two possibilities. Their intersection is either one of the 27 lines contained in S or a line not contained in S. For a tritangent plane E, there are twelve tritangent planes meeting E within the surface, four for each of the lines in E ∩ S. 32 tritangent planes remain which meet E otherwise.
Remark. ----
The set of pairs of distinct tritangent planes is acted upon by the automorphism group W (E 6 ). Under this operation, that set is decomposed into exactly two orbits according to the way the tritangent planes meet each other.
2.3. Definitions. ----a) A trihedron consists of three distinct tritangent planes such that the intersection of any two is not contained in S. b) For a trihedron {E 1 , E 2 , E 3 }, a plane E is called a conjugate plane if each of the lines E 1 ∩ E, E 2 ∩ E, and E 3 ∩ E is contained in the surface S.
2.4. Fact-Definition. ----A trihedron may have either no, exactly one, or exactly three conjugate planes. Correspondingly, a trihedron is said to be of the first kind, second kind, or third kind. Trihedra of the third kind are also called Steiner trihedra.
2.5. Remark. ----Let two tritangent planes E 1 , E 2 be given such that their intersection line is not contained in the surface S. Then, there are three tritangent planes meeting both E 1 and E 2 in lines within S. Nine further tritangent planes meet E 1 on S. Analogously, nine tritangent planes only meet E 2 within S.
22 tritangent planes remain. Twelve of them complete {E 1 , E 2 } to a trihedron of the first kind. For nine tritangent planes E, {E 1 , E 2 , E} becomes a trihedron of the second kind. Finally, there is a unique tritangent plane such that {E 1 , E 2 , E} is a Steiner trihedron.
Consequently, on a smooth cubic surface, there are 2880 trihedra of the first kind, 2160 trihedra of the second kind, and 240 Steiner trihedra. The group W (E 6 ) acts transitively on the set of all Steiner trihedra. In fact, the operations on trihedra of the first and second kinds are transitive, too.
2.6. Fact. ----a) Steiner trihedra come in pairs. Actually, the three conjugate planes of a Steiner trihedron form another Steiner trihedron. b) Two trihedra define the same sets of lines if and only if they form a pair of Steiner trihedra.
c) The nine lines defined by a Steiner trihedron form the complement of the lines contained in a triple of azygetic double-sixes.
Proof. Recall that two double-sixes on a non-singular cubic surface may be either syzygetic or azygetic according to the number of lines they have in common. Further, a pair of azygetic double-sixes uniquely determines a third double-six, azygetic to both of them [Do, EJ4] .
The assertion itself may best be seen in the blown-up model. In Schläfli's notation [Sch, p. 116 2.7. Notation. ----Let l 1 , . . . l 9 be the nine lines defined by a Steiner trihedron. Then, we will denote the corresponding pair of Steiner trihedra by a rectangular symbol of the form
The planes of the trihedra contain the lines noticed in the rows and columns. 
The property stated is directly checked. Uniqueness is clear. 2.9. Fact. ----Given a pair of Steiner trihedra, there is a unique way to decompose the 18 remaining lines into two sets of nine such that both are defined by Steiner trihedra.
Proof. The existence of a decomposition as desired follows from Fact 2.6.c) and Proposition 2.8.c.iii). To see uniqueness, we need an overview over all 120 pairs of Steiner trihedra. In the blown-up model, these are of the types
We have 20 pairs of Steiner trihedra of the first type, 10 of the second, and 90 of the last type. Having seen this, it is easy to verify that there are exactly two pairs of Steiner trihedra having no line in common with 2.10. Definition. ----Given a pair of Steiner trihedra, we will call the two other pairs complementary to the given one if, altogether, they define all the 27 lines.
2.11. Remarks. ----i) The investigation above shows, in fact, that, for each pair of Steiner trihedra, there are exactly two pairs having no line in common, 54 pairs having two lines in common, 36 pairs having three lines in common, and 27 pairs which have five lines in common with the nine lines defined by the pair given.
ii) The subgroup of W (E 6 ) stabilizing a pair of Steiner trihedra is isomorphic to [(S 3 × S 3 ) ⋊ /2 ] × S 3 of order 432. A calculation in GAP shows that, indeed, this group operates on pairs of Steiner trihedra such that the orbits have lengths 1, 2, 27, 36, and 54.
3 The generalized Cayley-Salmon form 3.1. Notation. ----One way to write down a cubic surface explicitly is the so-called Cayley-Salmon form [Do, §9.3] . A slight generalization is the following.
the cubic surface given in P 5 by the system of equations
3.2. Remark. ----The geometric meaning of these equations is to intersect the cubic fourfold given by u 0 X 0 X 1 X 2 + u 1 X 3 X 4 X 5 = 0 with two hyperplanes. All these fourfolds are actually isomorphic to each other. For u 0 = u 1 = 1, the classical Cayley-Salmon form is obtained.
be a cubic surface in generalized CayleySalmon form. We will call the general cubic polynomial
the auxiliary polynomial associated with S
. We will simply write Φ instead of Φ
when there is no danger of confusion.
3.4. Proposition (The discriminantal locus). --Over a base field K of characteristic = 3, the cubic surface S
for some i ∈ {0, 1, 2} and j ∈ {3, 4, 5}, or ii) the discriminant of the auxiliary polynomial vanishes.
Proof. There are two ways the intersection of the cubic fourfold given by
with the two hyperplanes may become singular. On one hand, it might happen that both hyperplanes meet a singular point of the fourfold. The singular locus of (1) is given by
This means nothing but
and j 1 = j 2 ∈ {3, 4, 5}. We meet such a point if and only if the corresponding determinantal condition is fulfilled. The degenerate case that the two linear forms are lineraly dependent is covered by this case, too.
On the other hand, the hyperplanes might meet the fourfold tangentially in a certain point (x 0 : . . . : x 5 ). This means that the tangent hyperplane of the fourfold at (x 0 : . . . : x 5 ) is a linear combination of the two hyperplanes given. The tangent hyperplane is given by
There are two cases.
First Case: One of the coordinates x 0 , . . . , x 5 vanishes. Then, in both summands of (1), at least one factor must vanish. Without restriction, suppose x 0 = x 3 = 0. The tangent hyperplane is then given by MX 0 + NX 3 = 0 for certain constants M and N. This may be a linear combination of a 0 X 0 +a 1 X 1 +a 2 X 2 +a 3 X 3 +a 4 X 4 +a 5 X 5 and b 0 X 0 +b 1 X 1 +b 2 X 2 +b 3 X 3 +b 4 X 4 +b 5 X 5 only if det(
Second Case: x 0 , . . . , x 5 = 0. Let the tangent hyperplane be given by
In terms of the auxiliary polynomial, these two quadratic polynomials are 3Φ − tΦ ′ and Φ ′ . As they have a common zero, we see that Res 2,2 (3Φ − tΦ ′ , Φ ′ ) must vanish. Let us calculate this resultant. First, the leading coefficient of Φ ′ is equal to 3(
Hence, according to the definition of the resultant,
.
On the other hand, as tΦ ′ is a multiple of Φ ′ ,
For u 0 and u 1 fixed, this is an irreducible polynomial in twelve variables. The corresponding component really occurs in the discriminantal variety as, for example,
yields tangency at ( 4 Obvious and non-obvious lines
be a non-singular cubic surface in generalized Cayley-Salmon form. Then, on S, there are nine lines of the type
which we call the obvious lines.
Fact. ----
The linear forms X 0 , . . . , X 5 define six tritangent planes E 0 , . . . , E 5 . They form a pair
4.3. Remark. ----The generalized Cayley-Salmon form therefore distinguishes one of the 120 pairs of Steiner trihedra.
Remark. ----
The situation here is analogous to that of a non-singular cubic surface in the hexahedral form of L. Cremona [Cr] and Th. Reye [Re] . A cubic surface in hexahedral form is given in P 5 by a system of equations of the type
Here, there are the 15 obvious lines given by
a non-singular cubic surface in generalized Cayley-Salmon form over K, and λ a zero of the auxiliary polynomial Φ associated with S. a) Then, S has a hexahedral form in the coordinates
In particular, six non-obvious lines on S may be described by
Proof. a) We have
Hence, S is given by
and another linear relation. (2) and (3) together imply
We note that Z 0 , . . . , Z 5 are projective coordinates, i.e., linearly independent. For that, the only point that requires attention is to verify a i + b i λ = 0 for all i. But, as λ is a zero of the auxiliary polynomial, the opposite would imply a i + b i λ = 0 for some i ∈ {0, 1, 2} and a j + b j λ = 0 for some j ∈ {3, 4, 5}. Then, det 
o are defined by the pairs of Steiner trihedra, complementary to the one distinguished.
Proof. i) Assume first that the auxiliary polynomial defines an S 3 -extension of K. Then, the lines in L λ 1 are defined over K(λ 1 ) and not over K. Analogously, the lines in L λ 2 are defined over K(λ 2 ), not over K. The generic fiber is a surface defined over K = (A 0 , . . . , A 5 , B 0 , . . . , B 5 ). It is easy to check that the auxiliary polynomial is irreducible over K and its discriminant is a non-square. Hence, the assertion is true for the generic fiber. Under specialization, intersection numbers are unchanged. In particular, different lines can not specialize to the same. The assertion follows. For a general base field K, we have that S (a 0 ,...,a 5 ,b 0 ,...,b 5 ) is the base change of the corresponding surface over the finitely generated field K ′ := É(a 0 , . . . , a 5 , b 0 , . . . , b 5 ).
As this field injects into , the proof is complete.
ii) It is readily checked that the sets described are indeed triplets. I.e., that they consist of skew lines. Further, every line in L 5 The norm-trace construction 5.1. ----Let R be a commutative ring with unit and A a commutative R-algebra which isétale and of finite rank. Then, A is, in particular, a locally free R-module.
For an element a ∈ A, we have its norm and trace. In the free case, these are defined by N(a) := det R (·a : A → A) ∈ R and tr(a) := tr R (·a : A → A) ∈ R. The general case is obtained by gluing.
This definition immediately generalizes to polynomials with coefficients in A. In fact, A[T 1 , . . . , T n ] isétale over R[T 1 , . . . , T n ] of the same rank as A is over R. Then, we say that the cubic form NT u (l) := tr(u·N(l)) is obtained from l and u by the norm-trace construction. Correspondingly for the cubic surface S u (l) over É
Definition (The
given by NT u (l) = 0.
5.3.
Remarks. ----i) Actually, D is either a quadratic number field or isomorphic to É ⊕ É. In the latter case, we simply have twoétale É-algebras A 0 and A 1 , both of rank three. We start with two linear forms l 0 and l 1 with coefficients in A 0 and A 1 , respectively. The norm-trace construction then degenerates to
ii) Anétale algebra of rank three over a field K may be
• the direct product of K with a quadratic field extension, or • a cubic field extension. Further, the cubic field extension may be Galois or not. In other words, the corresponding Galois group may be A 3 or S 3 . In this language, the degenerate cases correspond to the non-transitive subgroups /2 and 0 of S 3 . iii) A is actually always a free D-module. Indeed, D is a semilocal ring. Actually, D is even Artin. Hence, every locally free module of finite rank is free.
iv) As anétale É-algebra of rank two, D allows two algebra homomorphisms
On the other hand, as a É-algebra, A isétale, too. This means, A is a commutative semisimple algebra of rank six. There are exactly six algebra homomorphisms from A to É. Three of them are extensions of ι 0 , the others of ι 1 . We denote them by τ 0 , τ 1 , τ 2 and τ 3 , τ 4 , τ 5 , respectively. In these terms, the norm-trace construction, applied to l = c 1 T 1 + . . . + c 4 T 4 and u, yields the cubic form
5.4. Proposition. ----Suppose, we are given a commutative semisimple É-algebra D of dimension two and a commutative D-algebra A which isétale of rank three. Further, let u ∈ D and l be a linear form in four variables T 1 , . . . , T 4 with coefficients in A.
Denote by d the dimension of the É-vector space l
The image of ι is contained in a linear subspace of dimension d − 1. 
is the cone over a, possibly degenerate, cubic curve.
Proof. i) is standard. ii) In this case, the forms l τ 0 , . . . , l τ 5 generate the K-vector space Γ(P 3 K , O(1)) of all linear forms. Therefore, they define a closed immersion of P 3 K into P 5 K . In particular, ι is a closed immersion.
We have the relations a 0 l τ 0 + . . . + a 5 l τ 5 = 0 and
Consequently, ι maps S u (l)× Spec É Spec K to the cubic surface in generalized Cayley-
5.5. ----As an application of the norm-trace construction, we have an explicit version of Galois descent. For this, some notation has to be fixed. We will usually write t σ instead of t . Suppose, for anétale algebra A of rank three over a commutative semisimple É-algebra D of dimension two and elements u ∈ D and a, b ∈ A, we have u 0 = ι 0 (u),
for i = 0, . . . , 5. Assume that a 0 , . . . , a 5 are pairwise different from each other. Then, every σ ∈ Gal(É/É) uniquely determines a permutation π σ ∈ S 6 such that
This yields a group homomorphism Π : Gal(É/É) → S 6 . We will denote the automorphism of P 5 , given by the permutation π on coordinates, by π, too. Observe that the permutations π σ ∈ S 6 preserve the block structure [123] [456]. Indeed, σ may eigher interchange the two algebra homomorphisms ι 0 , ι 1 : D → or not. As a consequence of this, we see that π σ defines a morphism
Putting everything together,
is an automorphism twisted by σ. These automorphisms form an operation of Gal(É/É) on S such that, for every σ ∈ Gal(É/É), the diagram
ii) The properties given determine S up to a unique isomorphism of É-schemes. iii) Explicitly, the É-scheme S may be obtained by the norm-trace construction as follows.
S := S u (l)
for l = c 1 T 1 + . . . + c 4 T 4 any linear form such that tr(al) = 0, tr(bl) = 0, and c 0 , . . . , c 3 ∈ A are linearly independent over É. iii) The É-linear system of equations tr(ac) = 0 , tr(bc) = 0 has a four-dimensional space Ä of solutions. Indeed, the bilinear form (x, y) → tr (xy) is non-degenerate [Bou, §8, Proposition 1]. Hence, the first two conditions on l express that c 0 , . . . , c 3 ∈ Ä while the last one is equivalent to saying that c 0 , . . . , c 3 is a basis of that space.
To exclude the possibility that S degenerates to a cone and to obtain the isomorphism ι, we intend to use Proposition 5.4.ii). This requires to show that the linear forms l τ i = c
4 T 4 for 0 ≤ i ≤ 5 form a generating system of the vector space of all linear forms. Equivalently, we claim that the 6×4-matrix (c
is of rank 4.
To prove this, we extend {c 1 , . . . , c 4 } to a É-basis {c 1 , . . . , c 6 } of A. It is enough to verify that the 6×6-matrix (c τ i j ) 0≤i≤5,1≤j≤6 is of full rank. This assertion is actually independent of the particular choice of a basis. We may do the calculations as well with {1, a, . . . , a 5 }. This yields the Vandermonde matrix
Observe that the six algebra homomorphisms τ i : A → É are given by a → a i .
Consequently, the linear forms l τ i yield the desired isomorphism
Indeed, we have the equations tr(ac i ) = 0. Explicitly, they express that, for each i ∈ {1, . . . , 4},
This means
It remains to verify the commutativity of the diagram. For this, we cover S
by the affine open subsets given by X j = 0 for j = 0, . . . , 5. Observe that the morphisms to be compared are both morphisms of É-schemes twisted by σ. Hence, we may compare the pull-back maps between the algebras of regular functions by testing their generators.
For arbitrary i = j, consider the rational function X i /X j . Its pull-back under ι is l τ i /l τ j . Therefore, the pull-back of X i /X j along the upper left corner is
On the other hand, the pull-back of X i /X j under π σ •t σ is X π σ −1 (i) /X π σ −1 (j) . Consequently, for the pull-back along the lower right corner, we find
Indeed, the embeddings τ π σ −1 (i) , σ −1 •τ i : A → É are the same as one may check on the generator T ,
This completes the proof. We establish the 3 × 3-matrix associated with the multiplication by F map and compute its determinant. More generally, observe that all the computations in steps i), iii), and iv) are executed in the algebra A which is of dimension six over É. In order to perform Algorithm 5.8, it is not necessary to realize the Galois hull or any other large algebra on the machine.
6 The Galois operation on the descent variety 6.1. Lemma. ----Let A be anétale algebra of rank three over a commutative semisimple É-algebra D of dimension two and u ∈ D as well as a, b ∈ A as in Theorem 5.7.
Proof. We have 
for i = 0, 1, 2 and j = 3, 4, 5, ii) 18 non-obvious lines given by
for λ a zero of the auxiliary polynomial Φ and ρ : {0, 1, 2} → {3, 4, 5} a bijection. Here, the coordinates Z i are given by
c) An element σ ∈ Gal(É/É) acts on the lines according to the rules
Proof. a) By Lemma 6.1, the polynomial Φ π σ permutes the coordinates while t σ is the operation of σ on the coefficients. 6.6. Remark. ----The nine obvious lines are defined by the pair of Steiner trihedra {ι
which is clearly Galois invariant. can not degenerate to a polynomial of degree less than two as we have disc(Φ (a 0 ,...,a 5 ,b 0 ,...,b 5 ) u 0 ,u 1 ) = 0 in the smooth case. If it degenerates to a quadratic polynomial then we have six non-obvious lines corresponding to the zero λ = ∞.
The assumption therefore implies in any case that there is a Galois invariant set consisting of the nine obvious and six non-obvious lines. The complement of that is a double-six. 
ii) Gal(É/K) does not interchange the two pairs of Steiner trihedra complementary to the distinguished one if and only if
Proof. i) We will show this result in several steps.
First step. Assume that σ ∈ Gal(É/É) neither interchanges the zeroes of the auxiliary polynomial nor the embeddings ι 0 and ι 1 . Then, the permutation is even.
It will suffice to verify this for the case π σ = (01). Then, there are only three invariant lines, namely L {2,j} for j = 3, 4, 5. It is not hard to check that, for each line L different from these three, the equations defining L and σ(L) together form a system of rank three. Hence, we have twelve orbits each consisting of two lines with a point in common. According to Fact 6.10, the permutation induced on the tritangent planes is a product of 16 two-cycles and, therefore, even.
Second step. Assume that σ ∈ Gal(É/É) interchanges two zeroes of the auxiliary polynomial but does not interchange ι 0 and ι 1 . Then, the permutation is odd.
In view of the first step, it suffices to verify this for the case π σ = id. Then, there are 15 invariant lines, the nine obvious ones and the six non-obvious ones corresponding to the invariant root of the auxiliary polynomial. According to Fact 6.10, the permutation induced on the tritangent planes is a product of 15 two-cycles. Hence, it is odd.
Third step. Assume that σ ∈ Gal(É/É) stabilizes the zeroes of the auxiliary polynomial but interchanges ι 0 and ι 1 . Then, the permutation is odd.
Without restriction, assume that π σ = (03)(14)(25). Then, there are 15 invariant lines. These are the three obvious ones L {1,4} , L {2,5} , and L {3,6} and four for each value of λ. The latter ones correspond to the bijections ρ : {0, 1, 2} → {3, 4, 5} which fulfill at least one of the three conditions 0 → 3, 1 → 4, and 2 → 5. Again, according to Fact 6.10, the permutation induced on the tritangent planes is a product of 15 two-cycles and, therefore, odd. is σ-invariant.
ii) Let σ ∈ Gal(É/É). According to Proposition 4.6, the two complementary pairs of Steiner trihedra are stable if and only if π σ does not map the bijections {0, 1, 2} → {3, 4, 5} from e to o. If π σ preserves the two blocks {0, 1, 2} and {3, 4, 5} then this means that π σ must be even. Otherwise, it must be odd.
We claim that disc(N D/É f ) disc(D) equals N D/É (disc f ) up to square factors. Indeed, the definition of the discriminant together with the definition of the resultant [CLO, p. 79] , implies, for any two polynomials, disc(f g) = disc(f ) disc(g) Res(f, g) 2 .
Hence, disc(N D/É f ) = disc(f ) disc(f ) Res(f, f ) 2 . But Res(f, f ) is anti-invariant under the conjugation of D.
6.9. Remark. ----To operate on the 45 tritangent planes by even permutations is a property characterizing the index two subgroup of W (E 6 ). This is the simple group of order 25 920. On the other hand, the operation on the 27 lines is always even.
6.10. Fact. ----In W (E 6 ), there are exactly four conjugacy classes of elements of order two. The corresponding operations on the lines and tritangent planes of a non-singular cubic surface are as follows. i) There are 15 invariant lines. Then, there are 15 invariant tritangent planes. There are 15 further orbits which are pairs. ii) There are seven invariant lines. Then, there are five invariant tritangent planes and 20 orbits which are formed by pairs. iii) There are three invariant lines. The others form six orbits of two lines which are skew and six orbits of two lines with a point in common. In this case, there are seven invariant tritangent planes and 19 pairs. iv) There are three invariant lines. The others form twelve orbits each consisting of two lines with a point in common. Then, there are 13 invariant tritangent planes. There are 16 further orbits which are pairs.
It turns out that Br(S) is completely determined by the group operating on the 27 lines. It may take only five [SD, Co] values, 0, /2 , /2 × /2 , /3 , and /3 × /3 . A calculation in GAP shows that Br(S) = /3 × /3 for exactly one of the 350 conjugacy classes of subgroups in W (E 6 ).
This group was discussed in [Ma] , already, as the group operating on the 27 lines of "aT
